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Throughout the year, we will be solving challenging problemsby using aporopriate approximatons. In
this sheet you will review Taylor seriesasa way to approximate sin(x).

1. Thegenreral form for the Taylor seriesis givenby

» df (x)
dx

F00=S-x)

Yo

a. Whatisthen=0termif x,=0 and f{x)=sin(x)?

b. Whatisthen=1I term?

c. Whatisthen=2term?

d. Whatisthen=3 term?

e. Whatisthen=4term?

f. Basdon whatyou have written what is the general of the eventerms? The odd terms?
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2. LetDghink amoment about convergerce. The alternating seriested statesthat an alternating series
convergesif eachtemn gets smaller thanthe previous term for all n>N for someinteger N, and if the
individual termstend to zero. Giventhis, for what valuesof x isthe Taylor seriesconvergent by thisteg?

3. Wecanalso edimate the error on analternating series If the seriesconvergesby the altermating series
ted, thenthe errar in taking only N termsis less thanthe absol ute value of the N+1 tem (the first term
thatweignore). For our series whatisthe explicit form of the errar if wetake only N terms?

4. Now imagne thatyou are stuck on anairplane with only a calculate that acds, subtracts, multipliesand
divides but you absolutely must know sin(.5) to 1%. Find it now (using only multiplicaion keys on your
calculator) and justify your method.

5. How would you use Taylor seriesto find sin(st/2+.5)? Hint: be careful of convergenceissues but use
your knowledge of the sine function. (Do NOT do it, just outline the procedure.)

6. Looking backto your Taylor exparsion for sin(x) Bwhat must be the units be on x in order for this series
to make sense (in termsof units)? s your x in the right units?
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Why: Aswe solve problems, wewill put alot of emphasison checking and learning from the solutions. Often we
can learn alot or gain alot of confidence by looking at limiting cases when the variable gets very big or very small
and we have a better grasp of what the solutions should look like from simple arguments. For example, an object
subject to drag and gravity with zero initial velocity will have v(z)=-gt for short times (before the drag force gets
large). Taylor series let us do thisin amathematically preciseway. Think of the Taylor series as a Qzoom tool Othat
letsus focus in on asmall region (typically near zero), or zoom out, and look at the behavior as the variable gets
large.

How: Thegeneral formulafor a Taylor seriesis asfollows:

1 = 2 (x —na!co)’ 4"/ ()

dx

We have had some practice with calculating Taylor series using this definition, but there are also tables of Taylor
series (see Appendix D in your text) which you are free to use. There are also useful books that have Taylor series,
integrals, and so on available at the reference desk in the physics library (Dwight, for example.)

X=Xg

Typically we assume that x<</, and so the Taylor seriesis accurate if we take only afew terms (out ton=2 or 3). If
we are looking at large x, then we assume that 7/x<<1.

The one subtlety that probably did not arise in calculus class is units. The statement that x<<17 only makes sense if x
isunitless. This requirement also makes sense physically. For example, the statement that a meter is small only
makes sense if we compare this to another length (like the size of the earth or the distance to the moon).

Therefore, your first job in doing Taylor expansionsis to find a parameter or constant (call it @) with the same units
asyour variable (call thisy) and define x=y/a. Something in the problem should cue you that you want y<<a or
y>>a. Replacey with xa in your formula, and then find the Taylor seriesin x.

Example

We found that

V(t) = =V, +(V, +V,)e™

For aparticle subject to both gravity and alinear drag force of magnitude kmv. Theterminal velocity isg/k. We
expect that if a particle starts from rest (vo=0) then for short times, v(¢)=-g¢ because the drag force is small when the
velocity issmall.

Wewill investigate this using the Taylor expansion. First, we have to find atime to compare ¢ to. By dimensional

analysis, we know that //k has units of time. Therefore, we will replace ¢ by x/k. In the following steps we verified
that this gives the correct behavior for t<<1/ (or x<<1I).
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v(x)=-v,+v.e” (v, =0 for this case)

2 3
X

e’ =1-x+ > ); +... (look up the Taylor expansion)

e’ =1-x (forx<<1l)

(take only the first two terms since we expect an answer linea
v(x)=-v,+v,(1-x), (plug back in)

v(x) =-v,x (simplify)

v(t) = —i* kt = —gt (plug back in original parameters and variat

Which is exactly what we hoped to find.

Practice We will practice with an example from electrostatics: Imagine that you and your colleague have just
independently calculated the electric field due to a charged disk with radius R and surface charge density o. You
are calculating the field at a point a distance z away from the center of the disk, and directly aboveit. You have
different answers (E1 and E2) and need to decide which is correct.

o z o z
E = 1- E, = 1-
' o ( 2 2¢, ( 7’ + Rz)

2¢ VZP +R?

1. Usedimensional analysisto check both of these. Do both passthistest? (Recall that E = q/(4meor?) for a
point charge).

2. If zismuch less than R, the disk will look like an infinite sheet of charge. In this case, the electric field
should be E=a/(2¢0). Do both pass this test? (Here you can say that z=0).

3. If you get far enough away from the disk, the field should go to zero. Do both pass this test? (Here you can
say R=0)

4. A more stringent test is that if you get far enough away from the disk, the field should be exactly the same
asif it werea point particle (E = g/(4neor?)). Do both pass thistest? Hint: what is ¢ in terms of ¢ and R?
Here you need to use Taylor expansions, with z>>R.
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